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1. Dynamical systems on C and S2 = C ∪ {∞}:
1.1. φ: R× C→ C, φ(r, u) = erzu,

φ(r,∞) =∞ (z ∈ C, Re(z) 6= 0)

(C, φ)
Lr = {0} π̌r

0 = {0,∞}
Lr

0 = {0} Lr
∞ = ∅

X(r,0) = {0} X(r,∞) = C \ {0}
Ll = {0} π̌l

0 = {0}
Ll

0 = {0}
X(l,0) = C

(S2, φ)
Lr = {0,∞} π̌r

0 = {0,∞}
Lr

0 = {0} Lr
∞ = {∞}

X(r,0) = {0} X(r,∞) = S2 \ {0}
Ll = {0,∞} π̌l

0 = {0,∞}
Ll

0 = {0} Ll
∞ = {∞}

X(l,0) = S2 \ {∞} X(l,∞) = {∞}

1.2. ϕ: R × C → C, ϕ(r, u) = erzu,
ϕ(r,∞) =∞ (0 6= z ∈ C, Re(z) = 0)

(C, ϕ)
Lr = C π̌r

0 = {∗}
Lr
∗ = C

X(r,∗) = C
Ll = C π̌l

0 = {∗}
Ll
∗ = C

X(l,∗) = C

(S2, ϕ)

Lr = S2 π̌r
0 = {∗}

Lr
∗ = S2

X(r,∗) = S2

Ll = S2 π̌l
0 = {∗}

Ll
∗ = S2

X(l,∗) = S2

2. Dynamical systems on 2-cells:

2.1. φ: R×D2 → D2 with one critical
point P

Lr = {P} π̌r
0 = {P}

Lr
P = {P}

X(r,P ) = D2

Ll = {P} π̌l
0 = {P}

Ll
P = {P}

X(l,P ) = D2

2.2. ϕ: R× ([0, 1]× [0, 1])→ [0, 1]× [0, 1] with
four critical points P 0

0 = (0, 0), P 1
0 =

(0, 1), P 1
1 = (1, 1), P 0

1 = (1, 0)

Lr = {P 0
0 , P

1
0 , P

1
1 , P

0
1 } π̌

r
0 = {P 0

0 , P
1
0 , P

1
1 , P

0
1 }

Lr
P j
i

= {P ji }

X(r,P 0
0 ) = {P 0

0 } X(r,P 1
0 ) = {0} × (0, 1]

X(r,P 1
1 ) = (0, 1]× {1} X(r,P 0

1 ) = (0, 1]× [0, 1)

Ll = {P 0
0 , P

1
0 , P

1
1 , P

0
1 } π̌l

0 = {P 0
0 , P

1
0 , P

1
1 , P

0
1 }

Ll
P j
i

= {P ji }

X(l,P 0
1 ) = {P 0

1 } X(l,P 1
1 ) = {1} × (0, 1]

X(l,P 1
0 ) = [0, 1)× {1} X(l,P 0

0 ) = [0, 1)× [0, 1)

3. Dynamical systems on a torus and a cylinder:

3.1. φ: R × (S1 × S1) → S1 × S1 with
four critical points (induced
by the gradient of the height
function)

Lr = {P0, P1, P2, P3} π̌r
0 = {P0, P1, P2, P3}

Lr
Pi

= {Pi}
X(r,P3) = {P3} X(r,P2) = {P2} ∪ γ3

2 ∪ γ̃
3
2

X(r,P1) = {P1} ∪ γ2
1 ∪ γ̃

2
1

X(r,P0) = (S1 × S1) \
⋃3
i=1X(r,Pi)

Ll = {P0, P1, P2, P3} π̌l
0 = {P0, P1, P2, P3}

Ll
Pi

= {Pi}
X(l,P0) = {P0} X(l,P1) = {P1} ∪ γ1

0 ∪ γ̃
1
0

X(l,P2) = {P2} ∪ γ2
1 ∪ γ̃

2
1

X(l,P3) = (S1 × S1) \
⋃2
i=0X(l,Pi)

3.2. ϕ: R× (S1× R)→ S1× R with two pe-
riodic trajectories

Lr = γ−1 ∪ γ1 π̌r
0 = {−∞, ∗−1, ∗1,+∞}

Lr
−∞ = ∅ Lr

∗−1
= γ−1

Lr
∗1 = γ1 Lr

+∞ = ∅
X(r,−∞) = S1 × (−∞,−1) X(r,∗−1) = S1 × [−1, 1)

X(r,∗1) = S1 × {1} X(r,−∞) = S1 × (1,+∞)

Ll = γ−1 ∪ γ1 π̌l
0 = {∗−1, ∗1}

Ll
∗−1

= γ−1 Ll
∗1 = γ1

X(l,∗−1) = S1 × (−∞,−1] X(l,∗1) = S1 × (−1,+∞)

4. Dynamical systems on R2 and S2 = R2 ∪ {∞}:
4.1. φ: R× R2 → R2,

φ(r, (u1, u2)) = (erλ1u1, e
rλ2u2),

φ(r,∞) =∞ (λ1 > 0, λ2 < 0)

(R2, φ)
Lr = {0} π̌r

0 = {∞−, 0,∞+}
Lr

0 = {0} Lr
∞− = Lr

∞+
= ∅

X(r,0) = {0} × R X(r,∞+) = R+ × R, X(r,∞−) = R− × R
Ll = {0} π̌l

0 = {∞−, 0,∞+}
Ll

0 = {0} Ll
∞− = Ll

∞+ = ∅
X(l,0) = R× {0} X(l,∞+) = R× R+, X(l,∞−) = R× R−

(S2, φ)
Lr = {0,∞} π̌r

0 = {0,∞}
Lr

0 = {0} Lr
∞ = {∞}

X(r,0) = {0} × R X(r,∞) = ((R \ {0})× R) ∪ {∞}
Ll = {0,∞} π̌l

0 = {0,∞}
Ll

0 = {0} Ll
∞ = {∞}

X(l,0) = R× {0} X(l,∞) = (R× (R \ {0})) ∪ {∞}

(R+ = {r ∈ R|r > 0}, R− = {r ∈ R|r < 0})

4.2. ϕ: R × R2 → R2, ϕ(r, (u1, u2)) =
(r + u1, u2), ϕ(r,∞) =∞

(R2, ϕ)
Lr = ∅ π̌r

0 = {+∞}
Lr

+∞ = ∅
X(r,+∞) = R2

Ll = ∅ π̌l
0 = {−∞}

Ll
−∞ = ∅

X(l,−∞) = R2

(S2, ϕ)
Lr = {∞} π̌r

0 = {∞}
Lr
∞ = {∞}

X(r,∞) = S2

Ll = {∞} π̌l
0 = {∞}

Ll
∞ = {∞}

X(l,∞) = S2
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