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J. F. Gálvez-Rodŕıguez and M. A. Sánchez-Granero
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Abstract

In [2] we describe a theory of a cumulative distribution function (in short, cdf) on a separable linearly ordered topological space (LOTS) from a probability measure defined in this space.
This function can be extended to the Dedekind-MacNeille completion of the space where it does make sense to define the pseudo-inverse (see [3]). Moreover, we study the properties of both
functions (the cdf and the pseudo-inverse) and get results that are similar to those which are well-known in the classical case. For example, the pseudo-inverse of a cdf allows us to generate
samples of a distribution and give us the chance to calculate integrals with respect to the related probability measure. Finally, in [1] we give some conditions such that there is an equivalence
between probability measures and distribution functions defined on a separable LOTS, like it happens in the classical case. What is more, we prove that the pseudo-inverse of the cumulative
distribution function is univocally related to a probability measure. From this theory, some applications have arisen, such as a goodness-of-fit test.

Definition and properties of a cdf

Definition. Given a probability measure µ on a separable LOTS, (X,≤), its cdf is a
function F : X → [0, 1] defined by F (x) = µ(≤ x), for each x ∈ X , where (≤ x) = {y ∈
X : y ≤ x}.
Properties.
1.F is monotonically non-decreasing.

2.F is right τ -continuous (τ is the order topology in X).

3. supF (X) = 1.

4. If there does not exist minX , then inf F (X) = 0.
Definition. F− : X → [0, 1] is defined by F−(x) = µ(< x), for each x ∈ X , where
(< x) = {y ∈ X : y < x}.

Getting the measure of a set

Let a, b ∈ X with a < b, then:

•µ({a}) = F (a)− F−(a).

•µ(]a, b]) = F (b)− F (a).

•µ(]a, b[) = F−(b)− F (a).

•µ([a, b]) = F (b)− F−(a).

•µ([a, b[) = F−(b)− F−(a).

Discontinuities of a cdf

• If µ({x}) = 0, for each x ∈ X , then F is τ -continuous.

•The set of discontinuity points of F with respect to τ is countable.

Dedekind-MacNeille completion of a

separable LOTS

Definition. Given a partially ordered set X , the Dedekind-MacNeille com-
pletion of X is defined to be DM(X) = {A ⊆ X : A = (Au)l} ordered by
inclusion (A ≤ B if, and only if A ⊆ B), where Au (resp. Al) is the set of
upper (resp. lower) bounds of A.
φ : X → DM(X) is an embedding defined by φ(x) = (≤ x), for each x ∈ X .
Proposition. DM(X) is, indeed, a compactification of X and F can be
extended to a cdf, F̃ , on DM(X) by defining F̃ : DM(X)→ [0, 1] by F̃ (A) =
inf F (Au), for each A ∈ DM(X).

Relationship between µ and F

Theorem. Let X be a separable LOTS such that DM(X) \ φ(X) is countable and F : X →
[0, 1] a monotonically non-decreasing and right τ -continuous function satisfying supF (X) = 1 and
supF (A) = inf F (Au), for each A ∈ DM(X). Moreover, inf F (X) = 0 if there does not exist the
minimum of X . Then there exists a unique probability measure on X , µ, such that F = Fµ.

Remark. Note that µ and F are univocally determined.
Corollary. Let X be a separable LOTS such that DM(X) \ φ(X) is countable and let F− : X →
[0, 1] be a monotonically non-decreasing, left τ -continuous function such that inf F−(X) = 0 and
supF−(A) = inf F−(Au), for each A ∈ DM(X). Moreover, supF−(X) = 1 if there does not exist the
maximum of X . Then there exists a unique probability measure on X , µ, such that Fµ− = F−.

Definition and properties of the

inverse

Definition. Let F be a cdf. We define the pseudo-inverse of F by G :
[0, 1]→ DM(X) given by G(r) = {x ∈ X : F (x) ≥ r}l, for each r ∈ [0, 1].
Properties.

1.G is monotically non-decreasing.

2.G is left τ -continuous.

3.G(r) ≤ φ(x) if, and only if r ≤ F (x), for each x ∈ X and each r ∈ [0, 1].

Relationship between µ and G

Theorem. Let X be a separable LOTS such that DM(X) \ φ(X) is countable and let G : [0, 1] →
DM(X) be a monotonically non-decreasing and left τ -continuous function such that supG−1(< A) =
inf G−1(> A), for each A ∈ DM(X) \ φ(X), G(0) = minDM(X), G−1(maxDM(X)) ⊆ {1} if there
does not exist the maximum of X and G−1(minDM(X)) = {0} if there does not exist the minimum of
X . Then there exists a unique probability measure on X , µ, such that G is the pseudo-inverse of Fµ.

Remark. The pseudo-inverse let us generate samples with respect to the probability measure µ by
following the classical procedure. Note, also, that G and µ are univocally determined.

Decomposition of a cdf

Theorem. Each cdf Fµ defined on a separable LOTS X
such that DM(X) \ φ(X) is countable, can be decomposed
into Fµ = αFd + (1 − α)Fc with 0 ≤ α ≤ 1, where Fd is a
step cdf, and Fc is a cdf satisfying that Fc− = Fc. Moreover,
the decomposition is unique.

Remark. Under the above conditions we can decompose
each cdf even if it is defined on an n-dimentional space.

A goodness-of-fit test in a LOTS

Suppose that we are given a random sample on a separable LOTS according to a certain cumulative distribution
function, F . Our purpose is testing if F comes from a certain distribution. Let us denote by Fn the empirical cumulative
distribution function of the sample. If we define the statistic Dn = supx∈X |Fn(x)− F (x)|,
Theorem. Let X be a separable LOTS and suppose that µ is a probability measure on X such that µ({x}) = 0. Then
we can write Dn = max0≤r≤1 |Hn(r)− r|, where Hn is the empirical cdf of the image by F of the sample.
Corollary. Given a separable LOTS, X , and n ∈ N, the distribution of Dn is the same for each cdf, Fµ, satisfying that
µ({x}) = 0, for each x ∈ X .
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